The Chilean Ministry of Education oversees preschool, primary, and secondary education in both urban and rural areas. Many parts of Chile are sparsely populated and there are currently over 4,000 rural schools (almost 38% of all schools in Chile) educating 9.5% of the students in the country. Many of the rural schools are small with only one teacher responsible for instruction of all local students (multigrade schools). The geographical distribution of the rural schools has not been coordinated and this has resulted in unequal utilization of existing schools and some unreasonably long travel distances by students. Good management of the rural schools is fundamental to meeting Chile's goal of providing quality education to its citizens. Seeking to improve the situation, the Ministry of Education ordered a study of the optimal location and size of rural schools with the general goals of reducing the number of lesser quality multigrade schools and reducing student travel distances while maintaining reasonable costs. This paper presents results of this study obtained using an integer linear program that has been embedded in a geographical information system. We present computational results for the entire country. Recommendations include where to open new rural schools as well as where to expand, reduce, close, or leave unchanged existing schools. We show how recommendations are sensitive to key parameters such as the cost of transportation.
that have stimulated new political, cultural, and technological associations. In spite of these advancements and government investment, the quality of student education has remained relatively low and is a recognized barrier to future development (e.g. Eyzaguirre and Le Foulon, 2001 ).
The Chilean preschool, primary, and secondary educational system includes both public and private schools. The private schools are divided into private-pay, in which education is covered by the family of the student, and subsidized, where each student from a low-income family receives a state subsidy, effectively freeing the student's family from paying.
Recent studies show that, although there are problems common to the entire educational system, there are certain factors that make rural education especially deficient. Rural areas experience student drop-out rates that are higher than urban areas. Because of a sparse rural population, there are many rural schools that have only one teacher who teaches up to four different grades simultaneously. In general, these multigrade schools offer few choices to their students and the quality of education lags the quality found at schools with more teachers. In addition, a historic lack of coordinating the location of schools results in some unacceptable student travel distances. This, too, strongly influences the drop-out rate and the quality of student life.
Improving the quality of education and student life is a complex social, cultural, political, geographical, and financial problem. This work only addresses the geographical and financial aspects of the problem, by recommending school locations and sizes. Intuitively, there is a relationship between short-travel distance, small size, and high quality, although this relationship is difficult to quantify in Chile (Zuñiga, 2009) . At one extreme, there would be many smaller schools conveniently located to reduce travel distance but their size would necessitate a limited curriculum. The other extreme would be only larger schools that benefit from economies of scale and can offer a richer education complete with many extracurricular activities but at a cost of increased travel distance. Our modeling allows the tradeoff between travel distance and size to be investigated.
We formulate an integer linear program (ILP) that optimizes the geographical location of rural schools including the cost (and time) of transportation for the students, the possibility of closing existing schools, opening others, changing the number of classrooms for each grade in existing schools, and assigning students to the schools in an optimal way. The ILP is embedded in a geographical information system that allows one to easily input data and visualize results. Naturally, solutions offered by the ILP are not sufficient in themselves for making final decisions. Any recommendation must be complemented by a qualitative analysis that considers the impact of the changes on the areas involved because many schools also serve as community centers for social activities and government services. In this sense, ILP results are indicative, not prescriptive.
There is a large body of literature on location problems. ReVelle and Eiselt (2005) and ReVelle et al. (2008) present good recent reviews. When locating public facilities such as schools and hospitals, accessibility (i.e. the distance between the facilities and their customers) is considered the most relevant objective allowing the use of p-median models (Hakimi, 1964 (Hakimi, , 1965 ReVelle and Swain, 1970) and the simple plant location model (Balinski, 1965) . Serra and Marianov (1998) and Marianov and Taborga (2001) present examples of locating public facilities.
The literature provides many models developed for locating schools. The model of Cohe et al. (2002) determines the size and location of schools in Buenos Aires; Gac et al. (2006) locate schools by type and price level; Tamblay et al. (2011) formulate an equilibrium model to balance student demand and school supply as applied to the urban area of Santiago, Chile. Broseguini et al. (2003) formulate a capacitated p-median model for locating schools, which they solve using a Lagrangean Pizzolato and Fraga Da Silva (1997) and Pizzolato et al. (2004) use p-median models with and without capacity. The models above have some limitations for our application. They neither separate demand by student grades nor do they account for the existing location and capacity of schools.
The latter limitation is addressed in Dell et al. (2008) for a different application. They present an ILP to relocate army units to installations that accounts for the current stationing of each unit. Their model includes prescriptions on installation closures and infrastructure construction to accommodate moving units.
Some of the models presented in the literature for schools do not consider the capacity of the establishments, so the students simply attend the closest school. Pizzolato (1994) proposes a heuristic to locate schools in large urban areas. The heuristic requires, as a priori input, the number of establishments. Antunes and Peeters (2000) present a model for redesigning educational networks that do take into consideration the initial configuration of the schools and prescribes modifications. However, they aggregate demand and only look at problems with dozens of nodes. For Chilean schools, we want to model demand at the grade level and solve for thousands of demand nodes (entities) and hundreds of possible candidate school locations.
The present study makes several contributions: the redesign of an existing system of schools that includes investigations into following. Closing a limited number of schools, opening others; minimizing the cost (time) of transportation; taking into consideration a student travel distance limit; recommending additions and elimination of classrooms by grade at existing schools; and reducing the number of multigrade schools. Unlike studies in the existing literature, the focus here is on a rural case that includes the peculiarity of scarce demand in some places, multigrade schools, and schools with only some grades. This paper is organized as follows. Section 2 presents our ILP formulation. Section 3 details data and modeling assumptions. Section 4 provides results and section 5 presents a summary.
An integer linear program
The demand for rural education in Chile comes from lower and middle-income groups who use public and subsidized schools. Unsubsidized private schools are almost nonexistent in rural areas and are thereby excluded from this study. Demand comes from entities with geographic areas defined by the Chilean government. A rural entity is an entity with a population of no more than 2,000 (as recorded in the last census). Existing schools and candidates for new schools are located in these entities. Depending on its type, each school can educate a subset of 13 grades: preschool, basic primary school to the eighth grade, and four high school grades. A rural school can be single grade having each grade in a separate room, or multigrade. A multigrade school has a limit on the total number of students and can only serve students from grades one to six. Schools may teach only basic primary grades, or only high school, or only preschool, and various combinations of these. An existing school can increase or decrease the number of classrooms and change from multigrade to single grade. To be realistic, we allow classroom capacity to be slightly exceeded at a cost before requiring a new classroom. Closures and budgets can be limited for a given community, for example, to restrict the impact on affected communities.
The ILP formulation follows:
Indices and index sets a geographic area (population entities); c community (subset of the country); l existing and candidate school locations; g, g grades; t school type (see list of 10 types above); t ∈ in l set of school types permitted in location l; l ∈ new set of new school locations; g ∈ grade gt set of grades that combine with grade g (for multigrade); g ∈ multig set of grades for multigrade school; a ∈ SA c set of area included in community c; l ∈ SL c set of school locations included in community c;
set of school locations and types for students in area a; g ∈ ed t set of grades allowed in school type t; t ∈ multi set of multigrade school types t ∈ mono set of single-grade school types F. Araya et al. / Intl. Trans. in Op. Res. 19 (2012) Araya et al. / Intl. Trans. in Op. Res. 19 (2012) [695] [696] [697] [698] [699] [700] [701] [702] [703] [704] [705] [706] [707] [708] [709] [710] 
a,g∈multig 
ADD lgt ≥ 0, SUB lgt ≥ 0 and integer ∀l, g, t
The objective function expresses the total annual cost of opening, closing, changing infrastructure, tuition, transportation, and operating schools. When needed, we use an assumed school life span and annual discount rate to convert one-time costs such as construction into an annual equivalent. The first term of the objective expresses the annual cost of operating and closing schools; the second term captures annual transportation and student tuition costs; the third and fourth terms are the annualized cost of classroom additions and eliminations; and the last term is the annual penalty for violating standard classroom capacity.
Constraints (1) and (2) require one type of school at an existing location and at most one type at each location that is a candidate for a new school. Constraints (3) ensure all students are assigned to a school. Constraints (4) to (6) model classroom limits. Constraints (7) limit the total number of new classrooms at each location. Constraints (8) to (11) restrict the total, investment, operational, and transportation budgets for each community c. Constraints (12) limit classroom reductions to those available. Constraints (13) restrict the number of students allowed in excess of the capacity for each grade and location. Constraints (14) limit the total number of closures. Constraints (15) ensure any minor classroom capacity violation occurs only when classrooms exist. Constraints (16) enforce a travel distance limit. Constraints (17) to 19 define variable types. There are a total of 4,165 rural public and subsidized private schools (37.62% of all schools in Chile) (Chilean Ministry of Education, 2007) . Most of these schools are found in the south of the country with regions IX and X alone having over 35% of the total. While the extreme ends of the country (regions I, II, III, XI, and XII) comprise only 2.4% of the total. Of the schools, more than half (2,542) have fewer than four teachers, the majority of whom teach in multigrade classrooms. During the 2007 school year, 298,604 students from 26,021 rural entities attended schools in rural areas. This is only 9.5% of all students in the country (Chilean Ministry of Education, 2007). The overall demand for rural education is expected to remain reasonably constant over the next few years as the general population is aging at a modest rate (INE CENSO, 2002) . As an example, Fig. 1 shows the location of existing schools, entities, and the road network for both the sixth region and sparsely populated twelfth region. Figure 2 shows the existing schools and concentration of students in these same regions. The ILP requires a list of candidate locations for new schools. Any Table 1 Rural student population and schools by region. The figure on the left depicts the boundaries of the different regions entity without an existing school could, at least initially, serve as a candidate. Using all these entities as candidates, results in an ILP of unreasonable size with many candidates differing insignificantly from each other. We reduce the potential locations to a set of good candidates by solving the following location set covering problem (e.g. Toregas et al., 1971) . Araya et al. / Intl. Trans. in Op. Res. 19 (2012) [695] [696] [697] [698] [699] [700] [701] [702] [703] [704] [705] [706] [707] [708] [709] [710] where L j is a binary variable with value 1 if candidate j is selected; C j is a parameter with value 1 if an existing school has more than 100 students at location j; and N i is the set of all candidate locations within 10 km of location i. Given these parameter values, an optimal solution guarantees each entity has either an existing school of 100 or more students within 10 km or a candidate location. The last column of Table 1 reports the resulting number of candidate locations (about an 89% reduction when compared to naively selecting each geographic entity as a potential location).
Data and modeling assumptions
The regional political boundaries provide a natural division for decomposing the entire country into more manageable ILP pieces. Most regions are of manageable size after this division, but the larger regions such as VII, VIII, IX, and X have millions of variables with hundreds of thousands of these variables being integer. While an exact method was used for regions with less variables (up to 140,000 integer variables), we divided larger regions (more than 140,000 but less than 350,000 integer variables) into two or more parts using natural boundaries such as rivers. Of course, this division may cause a student near a border to be restricted from opportunities in a neighboring subregion. We tried many different divisions and selected final boundaries carefully to minimize any potential impact. In any case, the impact was not significant.
For the larger regions (VII, VIII, IX, and X), the Ministry of Education allowed a maximum of 40 closures. All other regions have either a limit of 20 schools or 20% of the total number of schools if this was less than 20.
The cost and time of transporting students is assumed proportional to the travel distance calculated over the road network. The complete Chilean road network provided by the Chilean government is available within the geographical information system allowing the shortest distance path between pairs of entities to be calculated. For this calculation, we use the location on the road network nearest the centroid as the unique location for each entity. The maximum travel distance considered acceptable and enforced in the ILP is 30 km except in the more sparsely populated (I, II, III, XI, XII, and XV) regions where it is 50 km.
Each new school has an initial minimum number of classrooms that varies by school type and can be increased but not decreased if the new school is selected by the ILP prescription. We assume a 20-year useful school lifespan and use an 8% discount rate to calculate an annual cost.
The cost of any new teacher (for a new classroom or school) is the maximum cost for any teacher in the region. This ensures there is no incentive to close schools with teachers whose salaries are above the cost of a new teacher.
All of the values of the cost and budget parameters, current sizes and locations of schools, grade compositions and school types, were provided by the Ministry of Education. Parameters related to population, location of entities, and age compositions were obtained from census information.
Results
We use CPLEX 10.2 and two computers: a 2 GHz personal computer with 2 GB RAM for smaller instances and a 2.8 GHz Mac Pro with 32 GB RAM for larger instances. Solution time varies from a few seconds to over 3 h when using a 5% optimality gap.
To speed solution time, we often use an optimization-based heuristic (fix and branch) that empirically produces near-optimal solutions in much less time. We first relax the integer restrictions on the classroom addition and elimination variables and solve the resulting ILP (the X variables are still restricted to be binary). We then solve the original ILP with all binary variables fixed to their optimal values from the relaxation.
We first present results from a baseline analysis comparing results with and without additional infrastructure permitted. For each existing school, we know the current attendance and capacity but we do not have each student's home location so our baseline assumes students attend the nearest school with available capacity. Two scenarios are considered with additional infrastructure: the first has maximum student travel distances of 30 and 50 km; the second does not have the 50-km limit for regions I, II, III, XI, XII, and XV. Figure 3 provides a sample of the output as viewed with the geographical information system. This comparison between baseline and optimized allows one to easily see the additional travel required for the baseline. In both optimized scenarios with additional infrastructure allowed, 314 schools were closed (almost 84% of these are municipal schools). In the first scenario, 235 new schools were opened while in the second scenario only 173 were opened ( Table 2) . The difference extends from the very sparse existing population in the distant regions where many communities currently do not have a school within the required 50-km radius. The average student travel distances decrease by 61% in the first scenario and 38% in the second scenario. Notice the average unused capacity of 30% under the first scenario can be reduced to 15% if the 50 km constraint is relaxed. Of course, there is a price to pay and in this case, the maximum required travel distance jumps to 132 km. The operating cost (without transportation) is reduced by 10% per year in the first scenario and 13% in the second scenario. These are significant savings, worth US$ 24.8 million and US$ 31 million, respectively (1 US$ ≈ $550 Chilean Pesos).
In general, the optimized scenarios suggest that total costs can be significantly reduced by changing the configuration of schools. Even if savings are not significant, there is an opportunity to reduce student travel distance by selecting the location for new schools and almost every region will plan the construction of some new schools over the next few years. In addition, the number of recommended closures again indicates the opportunity to improve student travel distance.
To permit additional analysis, results are reported in three aggregate zones: North (I, XV, II, III, and IV); Central (regions V, VI, VII, VIII, IX, and RM [Metropolitan Region]), and South (regions X, XIV, XI, and XII). Tables 3-5 Araya et al. / Intl. Trans. in Op. Res. 19 (2012) [695] [696] [697] [698] [699] [700] [701] [702] [703] [704] [705] [706] [707] [708] [709] [710] change from the current situation. The total cost from scenario 2 (Table 5) for regions in the extreme north and south of the country (regions I, II, III, XI, XII and XV) improves between 20% and 33% when compared to the present. In the central regions of the country, there is a lot of competition and what appears to be an oversupply of schools (number of closures exceeds openings). In all regions, most of the recommended closures are public schools that serve additional community functions. Given these additional functions, a local analysis would be required to investigate alternative locations for these functions. Another general observation is that new establishments tend to be small with 80 being the average number of students who attend the new schools Student travel cost is assumed linearly proportional to the travel distance. Figure 4 shows how the average students travel distance, total number of schools, school openings, and school closures change as the cost of travel varies from zero to 500 for Region IV. Overall, the optimal number of schools varies only modestly as this cost varies. Araya et al. / Intl. Trans. in Op. Res. 19 (2012) [695] [696] [697] [698] [699] [700] [701] [702] [703] [704] [705] [706] [707] [708] [709] [710] 
Summary and ongoing analysis
We present an ILP that prescribes the location and size of new rural schools as well as where to expand, reduce, close, or leave unchanged existing schools. It has been applied to Chilean rural schools with general results that can support the Chilean Ministry of Education in planning a reengineering of rural school infrastructure. The ILP includes attributes needed by the Ministry of Education to appropriately model the peculiarities of rural schools that are not commonly found in the existing literature. These include capacity by grade at each school, allowing multigrade schools, schools with only a few grades, and allowing the capacity of existing schools to be changed. The ILP allows the Ministry of Education to explore different policy implications such as imposing a maximum student travel distance or increasing the cost (importance) of student travel.
We find the current rural school system in Chile to have sufficient capacity for all demand but school relocation as prescribed by the ILP would greatly decrease student travel distances. Another option is to replace many small schools with fewer larger schools. The associated benefits of these larger schools would come with the cost of increased student travel distances that would require the Ministry of Education to provide or subsidize a new school transportation system. Extreme regions are good candidates for the latter option Araya et al. / Intl. Trans. in Op. Res. 19 (2012) 695-710 709 Finally, many schools, both rural and urban, were destroyed or damaged in Regions VI to X by the earthquake that occurred on February 27, 2010. The Ministry of Education recognizes this as an opportunity to redesign the location and size of schools in these regions and has employed our group to help them. Together with the Ministry of Education and regional and county authorities, we are using the ILP and geographic information system described in this paper to help with the redesign. We are addressing both rural and urban school reconstruction, and using the ILP to help decide whether all schools or only some of them should be reconstructed under objectives of travel distance, quality of administration (size of schools) and, the quality of schools, measured through the national teaching quality test SIMCE (Sistema de Medición de Calidad de la Enseñanza).
